The study of proofs is a major obstacle in the transition from school mathematics to university mathematics. Given the importance of argumentation and proof in the spectrum of mathematical activities, the incoming students' understanding, appreciation and knowledge of the nature and role of proof must be considered. I describe the results of an exploratory study of first year mathematics undergraduates' criteria and learning process when validating mathematical arguments or proofs. The study is based on a series of written tasks and interviews conducted with first year honours mathematics students at NUI Galway. I presented the whole class with numerous proposed proofs of mathematical statements, and asked them to evaluate and criticize those. The first year students' written comments on different and partly incorrect 'proofs' of mathematical statements revealed some information about their criteria when validating mathematical arguments. In recently held interviews with eight randomly chosen students I focussed on the learning experience during the process of proof validation. Considering the observed learning effect and its large potential extent during the process of proof validation I propose its practice in the teaching of mathematics.
In the first part of this article, I explain what is meant by proof validation and consider various aspects of this activity; including how and why mathematicians validate mathematical arguments. I will then describe our experiments and findings, and consider the undergraduates' validation skills and practices in relation to previously characterized aspects of proof validation. I emphasize the learning effect during the process of proof validation and finally argue for explicit inclusion of its practice in the teaching of mathematics, as the development of validation skills not only improves the practice of validation itself, but also the ability to construct proofs, the understanding of mathematical context, the knowledge of proving strategies and the links between different areas of mathematics.
On proof validation
Before considering how students validate proofs I discuss the nature of proof validation; I further distinguish it from other types of reading and from construction of proof. Selden and Selden [3] call the readings to determine the correctness of mathematical proofs and the mental processes associated with them "validations of proof". I extend this description of proof validation considering that mathematicians, advanced students or maths teachers validate not only to determine the correctness of an argument. Discussions with a number of experienced mathematicians suggest that they also wish to reach an understanding of why a mathematical statement is true and often to understand the content and the position of the proved statement in a wider context. Factors that experienced mathematicians might consider while validating proposed proofs include: whether the argument provides the reader with understanding, transparency and quality of proof idea and strategy, clarity of
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The role of proof validation in students' mathematical learning -Kirsten Pfeiff er the structure, whether the reasoning is precise, correct and suffi cient, and whether the argument is convincing. In Section 2 below I report on my investigation of the criteria that students consider as essential for a valuable mathematical argument.
The activity 'proof validation'
Validation, in comparison to the reading of nonmathematical texts, requires the reader to put some additional eff ort into understanding of the reasoning. Validation usually takes more time; the validator might consider the whole proof or parts of it several times and might be more inclined to write a few notes checking deductions, verifying justifi cations, etc. According to Selden and Selden (2003) the mental process when validating proofs can include for example asking/answering questions, constructing subproofs or recalling other theorems and defi nitions. It is well documented that construction of proof is a major obstacle for students. Selden and Selden [4] describe how the ability to validate proofs relates to the ability to construct them. On the one hand proof construction and proof validation are diff erent. Proof construction requires 'the right idea' at the 'right time' . The validation process can usually be managed in a linear order, unlike construction of proof. On the other hand proof construction and proof validation entail each other as one considers during the process of proof construction how that proof would be validated, and as validation of a proof is likely to require the construction of subproofs. I summarize this relationship in the following diagram (Fig 1) .
Considering my comments above on the nature of proof validation (Fig 2) , I extend this diagram to highlight the extent of the learning eff ect through the process of proof validation.
I summarize my hypothesis:
The ability to validate proofs can improve the ability to construct proofs, develop deeper understanding of the meaning and significance of the proved theorem and develop knowledge of proving methods or strategies.
The experiment.
The study is based on several tests and interviews conducted with fi rst year honours mathematics students at NUI Galway. The students' way to validate mathematical proofs fi rst caught my interest when I was analysing their responses to a written exercise that I held in May 2008, at the end of their fi rst year at University. My research has focussed on that topic since. Therefore the design of further research instruments concentrated on proof validation. The test for the new incoming students (D-test08), held in September 2008 with 103 participants, included tasks designed to give 
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The role of proof validation in students' mathematical learning -Kirsten Pfeiffer me some insights into their proof validation skills. Based on the findings of the analysis of the written exercises I designed interviews to be held with a smaller number of students. The aim of these oral exercises was to get a deeper insight in the students' validation processes. The interviews were held with eight undergraduates in March 2009. I report below on findings arising to date from all three of these exercises. Analysis of the data is ongoing. Some of the questions had been adapted (with permission) from the Longitudinal Proof Project which ran 1999 until 2003 in the U.K. Considering the previously described aspects of the process of proof validations I investigate how our first year students validate mathematical proofs, which criteria they use to decide whether an argument is correct or not and in the learning process during the exercise of validating and comparing different mathematical arguments.
Written exercises
The test held in May 2008 was attended by 37 participants. The students were presented with six attempts to determine, with proof, whether the statement "When you add any two even numbers, your answer is always even"
is true or false. For each of the attempts, I asked the students to give a mark out of five and a line of advice.
Observations from written exercises: students' criteria when validating proofs
The prevalence of some expressions indicates what the students found essential in a good proof. I list below a number of themes that caught my interest, either because they appeared quite often or because they surprised me.
The role of examples
When confronted with a few examples to show the truth of the statement, I found that most students recognized the necessity of rigour and commented on that. 
using formal notation").
Consequently another answer, which is fundamentally and irreparably incorrect but includes algebraic equations and mathematical notation, seemed basically correct to more than half of the students. Fewer than 30% of the students recognized that this answer was wrong.
A visual approach to prove the statement is generally not accepted by the students. Some mathematical educators argue that whether or not an argument is accepted as a proof depends not only on its logical structure, but also on how convincing the argument is. That aspect seems to play a role in the students' proof
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I summarize that after their first year in university most students are aware that checking the truth of a statement for a few examples is not sufficient to prove the statement. On the other hand examples play an important role in mathematical argumentation to students. Even after accepting the correctness of an argument they are not convinced until it is shown with a few examples. Overall the students' picture of proof seems to be vague. To them a valuable proof should have a certain structure, starting with a definition, followed by algebraic equations or formulas, and finishing with some examples. Structure and formalism seem to be more important to the students than the idea behind the proof. If these requirements are met most of the students give at least a few marks regardless of the correctness of the particular steps or whether the overall idea makes sense to them or not. It seems a good idea to prove a statement is not being valued as highly as the structure and formalism of a proof. Beside structure and formalism the quality of explanations played a role in the students' proof evaluations. It seemed that if an answer didn't show attempts to convince the reader of an argument, most of the students would deduct marks.
Oral exercises
In March 2009 I held interviews with eight randomly chosen students who had attended the written exercise in September as well. The aim was to get a deeper insight into:
• students' opinions about valuable proofs. What do students mean when they use the term "mathematical"? Do they ask for examples in order to understand the given reasoning or because they consider them as essential part of proofs?;
• students' validation process. How do they attempt the task of validation? For example, do they read the proposed proofs line by line? Do they write notes, verify the arguments?; and,
• the learning effect during the validation process.
To facilitate comparison of the results one of the statements chosen for consideration in the interviews was similar to the one in the written exercise, but a bit more difficult.
The squares of even numbers are even, and the squares of odd numbers are odd.
The other statement was different from the exercises the students had performed in the context of this study so far.
Let f be a quadratic function, f(x) = ax² + bx + c with a,b,c є R and a>0.
Show: f can't have more than two common values with its derivative f ' .
Again the students were confronted with five or six different arguments, some incorrect or partly incorrect, and asked to comment on them and finally rank them. Some of the proposed proofs were algebraic, some visual, some written in text, others wrong but expressed using "typical" mathematical notation.
Observations from the oral exercises: the learning process when validating and comparing different mathematical arguments
A detailed analysis of the interviews is in progress. In structuring and partly transcribing them a remarkable pattern caught my attention. The students were very quick in deciding whether they liked an answer or not and their first opinions and comments were similar to those in the written exercises. During the meeting though I could observe a process of understanding when spending more time with the task, comparing ideas with some proofs they have seen somewhere else, and sometimes even questioning their own criteria. Especially when ranking the different answers the students reconsidered their opinions and sometimes changed their minds about certain answers. Selden and Selden describe that students' performance in distinguishing valid from invalid arguments improved dramatically through the reflection and reconsideration during the interview. [4] Alcock and Weber's results suggest that many of the students in their study could perform this task competently, but did not do so without prompting. [1] The fact that the students were forced by the ranking task to spend some time on their reflections encouraged a learning process.
I conclude that the understanding of mathematical concepts can improve considerably during the process of careful proof validation.
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Conclusion
The findings show on the one hand that undergraduates have a vague yet inflexible picture of valid proofs. Structure and 'mathematical' looking formalism seem more important to them than the idea behind its appearance. On the other hand, I discovered that reflection during the process of proof validation encourages a learning process about the nature of mathematical proofs. Recalling the discussion in the first part of this article about the nature of proof validation, in particular the relation between construction and validation of mathematical proof and the attainment of understanding through validation, I conclude that practice of proof validation can not only improve students' validation skills but can also lead them to a better understanding of mathematical content and to improved appreciation of deductive reasoning.
